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Introduction
In this paper, we establish a Liouville type theorem in the upper half space R 
As soon as such results appeared, they received wide attention as regards the theory itself and its applications. Particularly, one may use it to establish a prior bound of solutions for nonlinear elliptic equations by the blow-up method, then various methods, such as topological degree, fix point theorems etc., can be used to obtain the existence of solutions for such problems; see for instance [] Inspired by previous work, we study in this paper Liouville type results for the following nonlinear Neumann mixed boundary value problem:
as well as the nonlinear Dirichlet mixed boundary value problem
It was proved in [] that problems (.) and (.) have no positive solutions. In this paper, we deal with solutions of problems (.) and (.) with finite Morse indices, which are possibly sign-changing. For this purpose, we first define the Morse indices of solutions to problems (.) and (.), respectively. For problem (.), the Morse index of a solution u is defined by
For a solution u of problem (.), we define its Morse index by
Our main results are as follows.
, and (p, q) = (
), then problems (.) and (.) do not possess nontrivial bounded solution with finite Morse index. Theorem . will be proved in the next section. We first prove that a finite Morse index implies certain integrable conditions on u. Then by the Pohozaev identity, we show the nonexistence result.
Proof of Theorem 1.1
In this section, we establish the Liouville type theorem for bounded solutions of problems (.) and (.) with finite Morse indices, that is, we show that such solutions must be trivial. We assume in this section that p, q in (.) and (.) satisfying  < p ≤ 
for any R > R  .
Proof We suppose that the Morse index of u is k. Now, we prove the conclusion by contradiction. Suppose on the contrary that inequality (.) does not hold, there would exist r  >  and R  > r  , such that
Similarly, we can find r  > R  and R  > r  , such that
Iterating this procedure, we see that there exist r k+ > R k and R k+ > r k+ , such that
By the above inequalities, we deduce that uφ r i ,R i ≡  for every  ≤ i ≤ k +. Moreover, since {uφ r i ,R i } k+ i= have disjoint supports, we deduce that {uφ r i ,R i } k+ i= are linearly independent. So the dimension of the linear space
is k + . We conclude from
for any ϕ ∈ M. This implies that the Morse index of u is at least k + , which contradicts the fact that the Morse index of u is equal to k. The assertion follows.
Next, we show that a finite Morse index implies u satisfying a certain integrable condition. More precisely, we have the following lemma.
Lemma . Assume that
 < p ≤ N+ N- ,  < q ≤ N N- , and (p, q) = ( N+ N- , N N- ). If u
is a bounded solution of problem (.) or (.) with finite Morse index, then we have
Proof We only prove the results for problem (.). For problem (.), the proof can proceed similarly. First, we prove that R N + |u| p+ dx < ∞. By Lemma ., there exists R  > , such that
Multiplying (.) by uφ
 R  ,R and integrating by parts, we obtain
By (.) and (.), we have
In particular, we have
If N = , since u is a bounded solution, the right hand side of (.) is bounded by a positive constant independent of R. So we have R N + |u| p+ dx < ∞ by letting R → ∞ in (.). Now for the case N ≥ , we deduce from the Hölder inequality that
(  .  )
Suppose that R N + |u| p+ dx is infinite, then we deduce that
where
The boundedness of u implies that the right hand side of
Hence, we can choose k large enough, such that M < . Then it follows from (.) that
Next, we prove that ∂R N + |u| q+ dx < ∞. In fact, we deduce from (.) that
If N = , the right hand side of (.) is bounded by a positive constant independent of R. So we conclude that  |u| q+ dx < ∞ by letting R → ∞ in (.). Now for N ≥ , we infer from (.) and the Hölder inequality that
. Finally, if we multiply (.) by u and integrate on R N + , then we get
This completes the proof of this lemma.
The next lemma is the well-known local Pohozaev identity for elliptic problems with nonlinear boundary value condition.
Lemma . Let u be a solution of (.) or (.). Then the following identity holds:
where B Proof The proof of this lemma is standard, we give it here for completeness. We deal only with problem (.). The proof for problem (.) is almost the same except that different boundary value conditions were used. We omit the details. Multiplying (.) by x, ∇u and integrating in B + R , we obtain
A direct calculation shows that
Next, we deduce
Combining the above two equations, we obtain the identity for problem (.).
Proof of Theorem . We only prove the conclusion for problem (.), the proof for problem (.) is the same. By Lemma ., 
